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Abstract
In this paper, we study the degree of equivariant maps between G-manifolds by using cohomolog-
ical index theory. As applications, we have some Borsuk–Ulam type theorems for Stiefel manifolds.
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1. Introduction
Let Sn be the standard n-dimensional sphere with the antipodal Z2-action. It is known
that for any Z2-map from Sn to itself the degree is odd. This fact implies the classical
Borsuk–Ulam theorem. The Borsuk–Ulam theorem has been generalized and extended
in many ways (see Steinlein [10]). E. Fadell, S. Husseini and J. Jaworowski introduced
ideal-valued index theory and generalized the Borsuk–Ulam theorem in [3,6]. Let G be
a compact Lie group and EG → BG the universal principal G-bundle. The G-index of a
G-space X, denoted by IndG(X;K), is an ideal in H ∗(BG;K) where K is an appropriated
coefficient field. In the case where G acts freely on X, IndG(X;K) is defined to be the
kernel of the homomorphism H ∗(BG;K)→ H ∗(X/G;K) induced from a classifying map
X/G → BG for the free G-action on X. It is easily seen that if there exists a G-map from a
free G-space X to a free G-space Y , then IndG(X;K)⊃ IndG(Y ;K). From this property of
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the G-index, we see that the G-index gives information about the existence of equivariant
maps.
In this paper, we study the degree of equivariant maps by using the G-index and a
transfer homomorphism (see [1,4,5]). For an integer k we set
IndGk (X;K)= IndG(X;K)∩Hk(BG;K).
Note that IndGk (X;K) coinsides with the kernel of the homomorphism between the k-th
cohomologies induced from a classifying map X/G → BG. Our main results are the fol-
lowing.
Theorem 1.1. Let G be a compact Lie group and let M and N be smooth closed connected
manifolds of dimension n on which G acts freely. Then we have the following:
(1) If
IndGn-dimG(N;Z2) = IndGn-dimG(M;Z2) = Hn-dimG(BG;Z2),
then for any G-map f :M → N , f ∗ :Hn(N;Z2) → Hn(M;Z2) is an isomorphism.
If, in addition, both M and N are oriented, then for any G-map f :M → N the degree
of f is odd.
(2) If
IndGn-dimG(N;Z2) = IndGn-dimG(M;Z2) = Hn-dimG(BG;Z2),
then for any G-map f :M → N the image of f ∗ :Hn(N;Z2) → Hn(M;Z2) is zero.
If, in addition, both M and N are oriented, then for any G-map f :M → N the degree
of f is even.
Remark 1.2. If there exists a G-map from M to N , then IndGn-dimG(N;Z2) ⊂
IndGn-dimG(M;Z2). Under the condition of Theorem 1.1, Hn-dimG(M/G;Z2) ∼= Z2,
which implies that the index of IndGn-dimG(M;Z2) in Hn-dimG(BG;Z2) is 1 or 2. Anal-
ogously the index of IndGn-dimG(N;Z2) in Hn-dimG(BG;Z2) is also 1 or 2. Therefore if
there exists a G-map from M to N and if IndGn-dimG(M;Z2) = Hn-dimG(BG;Z2), then
IndGn-dimG(N;Z2) = IndGn-dimG(M;Z2).
Let Vk(Rm) denote the Stiefel manifold of orthogonal k-frames in Rm (k < m) and let
O(k) act on Vk(Rm) in standard way. In Section 4, as an application of Theorem 1.1(1),
we will see that for any O(k)-map f :Vk(Rm) → Vk(Rm) the degree of f is odd (see
Theorem 4.2).
The following corollary is another application of Theorem 1.1.
Corollary 1.3. Let M and N be smooth closed connected oriented manifolds of dimen-
sion n on which Z2 acts freely. Suppose that there exists an odd degree Z2-map from N
to Sn. Then we have the following:
(1) If there exists a Z2-map from M to Sn such that the degree is odd, then for any Z2-map
f :M → N the degree of f is odd.
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(2) If there exists a Z2-map from M to Sn such that the degree is even, then for any Z2-map
f :M → N the degree of f is even.
We define a Z2-action on Vk(Rm) by g(e1, e2, . . . , ek) = (−e1,−e2, . . . ,−ek) where g
is the generator of Z2. Corollary 1.3 implies the following: if k  2, then there is no odd
degree Z2-map from Vk(Rm) to SdimVk(R
m) (see Proposition 4.6).
In the case where M , M/G, N and N/G are orientable, we have the following.
Theorem 1.4. Let G be a compact Lie group and let M and N be smooth closed con-
nected oriented manifolds of dimension n on which G acts freely. Suppose that the orbit
spaces M/G and N/G are also orientable. Let p be a prime number. Then we have the
following:
(1) If
IndGn-dimG(N;Zp) = IndGn-dimG(M;Zp) = Hn-dimG(BG;Zp),
then for any G-map f :M → N the degree of f is not congruent to zero modulo p.
(2) If
IndGn-dimG(N;Zp) = IndGn-dimG(M;Zp) = Hn-dimG(BG;Zp),
then for any G-map f :M → N the degree of f is congruent to zero modulo p.
In the analogous way as applications of Theorem 1.1, we have some applications of this
theorem.
In this paper, we assume that all manifolds and actions on manifolds are smooth unless
otherwise stated.
2. The transfer and index theory
Let G be a compact Lie group and X a free G-CW complex. We denote by X/G the
orbit space of X. Note that the orbit map p :X → X/G is a fiber bundle with the fiber G.
In the case where G is finite, p :X → X/G is a finite covering. We define a chain map
τ :S(X/G) → S(X) of singular complexes by
τ (c) =
∑
g∈G
gc˜,
where c˜ is an element of S(X) such that p(c˜) = c and g :S(X) → S(X) is the chain map
induced from g :X → X. From this chain map, we have transfer homomorphisms
τ∗ :H∗(X/G;Γ ) → H∗(X;Γ ), τ ∗ :H ∗(X;Γ ) → H ∗(X/G;Γ ),
where Γ is a commutative group. It is easily seen that τ∗ and τ ∗ have the naturality for
equivariant maps.
Next we will define integration along the fiber to define the transfer in the case where
G is infinite. Let F i−→ E p−→ B be a fibration and suppose that Hi(F ;Z) ∼= 0 for i > n
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and Hn(F ;Z) ∼= Z. Then the Serre spectral sequence converges to H ∗(E;Γ ) and Ep,q ∼=2
Hp(B; {Hq(F,Γ )}), where the coefficient Γ of cohomologies is a commutative group.
Suppose that π1(B) operates trivially on Hn(F ;Z). Then integration along the fiber is
defined as the composition
p! :Hi(E;Γ ) Ei−n,n∞ Ei−n,n2 ∼= Hi−n
(
B; {Hn(F,Γ )})∼= Hi−n(B;Γ ).
It is known that integration along the fiber have the naturality for bundle maps (see [1,4]).
Let G be a compact Lie group and G0 the connected component which includes the
unit element. Note that G0 is a normal subgroup of G and G/G0 is a finite group.
As the orbit map p1 :X → X/G0 is a fiber bundle with the fiber G0, we define the
transfer (p1)! :Hi(X;Γ ) → Hi-dimG(X/G0;Γ ) by integration along the fiber. Since
the orbit map p2 :X/G0 → X/G0G/G0 ∼= X/G is a finite covering, we can define the trans-
fer τ ∗ :H ∗(X/G0;Γ ) → H ∗(X/G;Γ ) for a finite covering. We define the transfer
p! :Hi(X;Γ ) → Hi-dimG(X/G;Γ ) by p! = τ ∗ ◦ (p1)!. The following lemma is a con-
sequence of the naturalities of τ ∗ and (p1)!.
Lemma 2.1. Let X,Y be free G-CW complexes and f :X → Y a G-map. Let pX :X →
X/G and pY :Y → Y/G denote the orbit maps. Then the commutativity holds in the dia-
gram:
Hi(Y ;Γ ) f
∗
(pY )!
Hi(X;Γ )
(pX)!
Hi-dimG(Y/G;Γ )
f¯ ∗ H
i-dimG(X/G;Γ )
where f¯ :X/G → Y/G is the induced map from a G-map f :X → Y .
Remark 2.2. The transfer defined above is the case ξ = 0 in [5, Definition 0.1]. When X
is a closed connected free G-manifold, X/G is also a manifold. In this case, the transfer
on the cohomology with coefficients in Z2 coincides with the Gysin homomorphism. If, in
addition, both X and X/G are orientable, the transfer coincides with the Gysin homomor-
phism up to signature with any coefficients (see [1,7]).
We define the transfer index as follows.
Definition 2.3. Let G be a compact Lie group and X a free G-CW complex. Let p :X →
X/G be the orbit map and αX :X/G → BG a classifying map for the G-action on X. We
define the transfer index t-IndGk (X;K) by
t-IndGk (X;K) =
(
α∗X
)−1(
p!
(
Hk+dimG(X;K))).
The following theorem has been proved in the proof of [5, Theorem 0.5].
Theorem 2.4. Let X and Y be free G-CW complexes. If there exists a G-map f :X → Y
such that f ∗ :Hn+dimG(Y ;K) → Hn+dimG(X;K) is trivial, then t-IndGn (Y ;K) is con-
tained in IndGn (X;K).
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Proof. Assume that there exists a G-map f :X → Y such that f ∗ :Hn+dimG(Y ;K) →
Hn+dimG(X;K) is trivial. Then it follows from Lemma 2.1 that
f¯ ∗ ◦ (pY )!
(
Hn+dimG(Y ;K))= (pX)! ◦ f ∗
(
Hn+dimG(Y ;K))= 0.
Let αX :X/G → BG and αY :Y/G → BG be classifying maps for the G-actions on X and
Y respectively. Since αX is homotopic to αY ◦ f¯ ,
IndGn (X;K)=
(
α∗X
)−1
(0)= (α∗Y
)−1((
f¯ ∗
)−1
(0)
)
= (α∗Y
)−1((
f¯ ∗
)−1(
f¯ ∗ ◦ (pY )!
(
Hn+dimG(Y ;K))))
⊃ (α∗Y
)−1(
(pY )!
(
Hn+dimG(Y ;K)))= t-IndGn (Y ;K). 
3. Proof of main theorems
Let G be a compact Lie group and M a closed connected G-manifold of dimension n.
Suppose that G acts freely on M . Note that M/G is also a manifold of dimension n−dimG
in this case. Let p :M → M/G be the orbit map. Then it is easily seen that the transfer
p! :Hn(M;Z2) → Hn-dimG(M/G;Z2) is an isomorphism. Therefore
Lemma 3.1. Under the condition above,
t- IndGn-dimG(M;Z2) = Hn-dimG(BG;Z2).
Now we prove Theorem 1.1.
Proof of Theorem 1.1. By Lemma 3.1, t- IndGn-dimG(N;Z2) = Hn-dimG(BG;Z2). There-
fore by Theorem 2.4, if IndGn-dimG(M;Z2) = Hn-dimG(BG;Z2), then for any G-map
f :M → N , f ∗ :Hn(N;Z2) → Hn(M;Z2) is non-trivial. Since Hn(N;Z2) ∼=
Hn(M;Z2) ∼= Z2, f ∗ :Hn-dimG(N;Z2) → Hn-dimG(M;Z2) is an isomorphism. Thus,
if M and N are oriented, then the degree of f is odd.
Next we prove (2). Let f :M → N be a G-map and suppose that M and N sat-
isfy the assumption in Theorem 1.1(2). Let αM :M/G → BG and αN :N/G → BG
be the classifying maps for the G-actions on M and N respectively. We denote by
(α∗M)k :Hk(BG;Z2) → Hk(M/G;Z2) and (α∗N)k :Hk(BG;Z2) → Hk(N/G;Z2) the in-
duced maps from αM and αN respectively. Then Ker f¯ ∗ ◦ (α∗N)n-dimG = Ker(α∗M)n-dimG.
Since Ker(α∗M)n-dimG = IndGn-dimG(M;Z2) = Hn-dimG(BG;Z2) and Ker(α∗N)n-dimG =
IndGn-dimG(N;Z2) = Hn-dimG(BG;Z2), f¯ ∗ :Hn-dimG(N/G;Z2) → Hn-dimG(M/G;Z2)
is not injective. Since Hn-dimG(N/G;Z2) ∼= Hn-dimG(M/G;Z2) ∼= Z2, f¯ ∗ is trivial.
Let f ∗ :Hn(N;Z2) → Hn(M;Z2) be the induced map from f and let (pM)! :Hn(M;
Z2) → Hn-dimG(M/G;Z2) and (pN)! :Hn(N;Z2) → Hn-dimG(N/G;Z2) be the trans-
fers.
By Lemma 2.1, (pN)! ◦f ∗ = f¯ ∗ ◦ (pM)!. Since both (pN)! and (pM)! are isomorphisms
and f¯ ∗ is the trivial homomorphism, f ∗ is trivial. Thus, if M and N are oriented, then the
degree of f is even. 
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Proof of Corollary 1.3. Let α :Sn/Z2 ∼= RPn → RP∞ ∼= BZ2 be the canonical inclusion.
Then α∗ :Hn(BZ2;Z2) → Hn(Sn/Z2;Z2) is an isomorphism (see [3,5,6]).
Let g :M → Sn be a Z2-map. Let (pSn)! :Hn(Sn;Z2) → Hn(Sn/Z2;Z2) and
(pM)! :Hn(M;Z2) → Hn(M/Z2;Z2) be the transfers. Then by Lemma 2.1, g¯∗ ◦
(pSn)! = (pM)! ◦ g∗. It is easily seen that (pSn)! :Hn(Sn;Z2) → Hn(Sn/Z2;Z2) and
(pM)! :Hn(M;Z2) → Hn(M/Z2;Z2) are isomorphisms. Therefore if g∗ :Hn(Sn;Z2) →
Hn(M;Z2) is an isomorphism, then g¯∗ :Hn(Sn/Z2;Z2) → Hn(M/Z2;Z2) is also an
isomorphism. Hence α∗M = g¯∗ ◦ α∗ :Hn(BZ2;Z2) → Hn(M/Z2;Z2) is an isomorphism,
which implies that Ker(α∗M)n = {0} = Hn(BZ2;Z2).
If g∗ :Hn(Sn;Z2) → Hn(M;Z2) is trivial, then g¯∗ :Hn(Sn/Z2;Z2) → Hn(M/Z2;Z2)
is also trivial. Then α∗M = g¯∗ ◦ α∗ :Hn(BZ2;Z2) → Hn(M/Z2;Z2) is trivial, which im-
plies that Ker(α∗M)n = Hn(BZ2;Z2).
By the assumption of Corollary 1.3, there exists a Z2-map from N to Sn such that the
degree is odd. We can prove that α∗N :Hn(BZ2;Z2) → Hn(N/Z2;Z2) is an isomorphism
in the same way as above. Hence Ker(α∗N)n = {0} = Hn(BZ2;Z2).
Therefore, by Theorem 1.1(1), if there exists a Z2-map from M to Sn such that the
degree is odd, then for any Z2-map f :M → N the degree of f is odd.
On the other hand, by Theorem 1.1(2), if there exists a Z2-map from M to Sn such
that the degree is even, then for any Z2-map f :M → N the degree of f is even. This
completes the proof. 
Proof of Theorem 1.4. Suppose that M is a closed connected oriented manifold of di-
mension n on which G acts freely and that M/G is orientable. Then, if p is prime, the
transfer q! :Hn(M;Zp) → Hn-dimG(M/G;Zp) is an isomorphism. Hence the proof of
Theorem 1.4 is completely analogous to that of Theorem 1.1. 
4. Applications
Let Vk(Rm) denote the Stiefel manifold of orthogonal k-frames in Rm (k  m). It is
known that Vk(Rm) is a closed orientable manifold of dimension mk − k(k+1)2 . Further-
more, if k < m, then Vk(Rm) is connected. We assume k < m in the following. Let (Rm)k
denote the Cartesian product of k copies of Rm. Any point of (Rm)k is represented by a
(k ×m)-matrix. The orthogonal group O(k) acts on (Rm)k by matrix multiplication on the
left. Vk(Rm) can be considered as a subspace of (Rm)k on which O(k) acts freely. The orbit
space Vk(Rm)/O(k) of this action is the Grassmann manifold Gk(Rm). BO(k) = Gk(R∞)
is a classifying space for free O(k)-actions, and has cohomology ring
H ∗
(
BO(k);Z2
)= Z2[w1,w2, . . . ,wk],
where each wi is the i-th Stiefel–Whitney class of the universal k-plane bundle over BO(k).
Let i :Gk(Rm) → Gk(R∞) = BO(k) be the canonical inclusion. Note that i is a classi-
fying map for the free O(k)-action on Vk(Rm).
Proposition 4.1 [6,8,9]. i∗ :H ∗(BO(k);Z2) → H ∗(Gk(Rm);Z2) is surjective and
H ∗(Gk(Rm);Z2) ∼= Z2[w1,w2, . . . ,wk]/ker i∗.
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Set l = dimO(k) = k(k − 1)/2 and n = dimVk(Rm) = mk − k(k+1) . Since2
Hn−l (Gk(Rm);Z2) ∼= Z2 = {0}, it is follows from Proposition 4.1 that IndZ2n−l Vk(Rm) =
ker i∗ ∩Hn−l (BO(k);Z2) = Hn−l (BO(k);Z2). Therefore Theorem 1.1 implies the follow-
ing.
Theorem 4.2. If f :Vk(Rm) → Vk(Rm) is an O(k)-map, then the degree of f is odd.
This theorem implies the Borsuk–Ulam theorem for Stiefel manifolds.
Corollary 4.3. If there exists an O(k)-map f :Vk(Rm) → Vk(Rn), then m n.
Proof. Let f :Vk(Rm) → Vk(Rn) be an O(k)-map. Assume that m > n. The canonical
inclusion i :Vk(Rn) → Vk(Rm) is an O(k)-map. Since i ◦ f :Vk(Rm) → Vk(Rm) is an
O(k)-map, the degree of i ◦ f is odd by Theorem 4.2. On the other hand, because (i ◦
f )∗ = f ∗ ◦ i∗ and H dimVk(Rm)(Vk(Rn);Z2) = 0, (i ◦ f )∗ :H dimVk(Rm)(Vk(Rm);Z2) →
H dimVk(R
m)(Vk(Rm);Z2) is trivial. This is a contradiction. 
Corollary 4.4. Set T = {A ∈ (Rn)k | rankA< k}. If m > n and f :Vk(Rm) → (Rn)k is an
O(k)-map, then f−1(T ) is not empty.
Proof. (Rn)k − T is O(k)-homotopic to Vk(Rn). Therefore Corollary 4.4 follows from
Corollary 4.3. 
Remark 4.5. Corollaries 4.3 and 4.4 have already been proved in [3,6,8]. They make use
of the ideal-valued index defined in the Alexander–Spanier cohomology.
Next we define a Z2-action on Vk(Rm) by g(e1, e2, . . . , ek) = (−e1,−e2, . . . ,−ek)
where g is the generator of Z2. Then we have the following.
Proposition 4.6. If k  2, then for any Z2-map f :Vk(Rm) → SdimVk(Rm) the degree of f
is even.
Proof. We define a Z2-map h :Vk(Rm) → Sm−1 by h(e1, e2, . . . , ek) = e1. Let i :Sm−1 →
SdimVk(R
m) be the canonical inclusion. Then i ◦ h :Vk(Rm) → SdimVk(Rm) is a Z2-map
such that the degree is 0. Therefore it follows from Corollary 1.3 that for any Z2-map
f :Vk(Rm) → SdimVk(Rm) the degree of f is even. 
Remark 4.7. The above proposition has already been obtained by Daccach [2]. In the proof
in [2], the coincidence number is used.
We have analogous propositions for complex Stiefel manifolds. The complex Stiefel
manifold Vk(Cm) can be considered as a subspace of (Cm)k on which U(k) acts freely
(k m). The orbit space Vk(Rm)/U(k) of this action is the complex Grassmann manifold
Gk(Cm). BU(k) = Gk(C∞) is a classifying space for free U(k)-actions, and has cohomol-
ogy ring
H ∗
(
BU(k);Z)= Z[c1, c2, . . . , ck],
where each ci is the i-th Chern class of the universal (complex) k-plane bundle over BU(k).
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Let i :Gk(Cm) → Gk(C∞) = BU(k) be the canonical inclusion. Then i∗ :H ∗(BU(k);
Z) → H ∗(Gk(Cm);Z) is surjective and H ∗(Gk(Cm);Z) ∼= Z[c1, c2, . . . , ck]/ker i∗.
When coefficients of cohomologies are Zp where p is a prime number, it is easily seen
that H ∗(Gk(Cm);Zp) ∼= Zp[c1, c2, . . . , ck]/ker i∗, where ci ∈ H 2i(BU(k);Zp).
Let f :Vk(Cm) → Vk(Cm) be a U(k)-map. Then we see that the degree of f is not
congruent to zero modulo p in the same way as the proof of Theorem 4.2. Since for any
prime number p the degree of f is not congruent to zero modulo p, we have the following.
Theorem 4.8. If f :Vk(Cm) → Vk(Cm) is a U(k)-map, then the degree of f is 1 or −1.
From this theorem, we have the following corollaries in the same way as Corollaries 4.3
and 4.4.
Corollary 4.9. If there exists a U(k)-map f :Vk(Cm) → Vk(Cn), then m n.
Corollary 4.10. Set T = {A ∈ (Cn)k | rankA< k}. If m> n and f :Vk(Cm) → (Cn)k is a
U(k)-map, then f −1(T ) is not empty.
Next we define a S1-action on Vk(Cm) by g(e1, e2, . . . , ek) = (ge1, ge2, . . . , gek) where
g ∈ S1 ⊂ C. In particular, S1-action on V1(Cm) = S2m−1 is given by ge where g ∈ S1 and
e ∈ S2m−1 ⊂ Cm. Then we have the following.
Proposition 4.11. If k is odd and larger than 2, then for any S1-map f :Vk(Cm) →
SdimVk(C
m) the degree of f is 0.
Remark 4.12. If k is even, then dimVk(Cm) is even. Hence there does not exist a free
S1-action on SdimVk(Cm).
Proof of Proposition 4.11. Suppose that k is odd and larger than 2. Set n = dimVk(Cm) =
2mk − k2. We define a S1-map h :Vk(Cm) → S2m−1 by h(e1, e2, . . . , ek) = e1. Let
i :S2m−1/S1 ∼= CPm−1 → CP∞ ∼= BS1 be the canonical inclusion. Then
IndS1n−1
(
Vk
(
Cm
);Zp
)= Ker(h¯∗ ◦ i∗ :Hn−1(BS1;Zp
)→ Hn−1(Gk
(
Cm
);Zp
))
.
Since n > 2m−1, Hn−1(S2m−1/S1;Zp) ∼= Hn−1(CPm−1;Zp) = {0}. Hence (h¯∗ ◦ i∗)n−1
is trivial. Therefore we have IndS1n−1(Vk(Cm);Zp) = Hn−1(BS1;Zp). On the other hand,
IndS1n−1(SdimVk(C
m);Zp) = IndU(1)n−1 (V1(C(n+1)/2;Zp)) = Hn−1(BS1;Zp). Therefore it fol-
lows from Theorem 1.4 that the degree of f is congruent to zero modulo p for any prime
number p. Thus the degree of f is zero. 
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